Conserved currents and the energy momentum tensor in conformally invariant theories for general dimensions by Erdmenger, J & Osborn, H
DAMTP/96-7
hep-th/9605009
Conserved Currents and the Energy Momentum Tensor in
Conformally Invariant Theories for General Dimensions
J. Erdmenger and H. Osborn*
Department of Applied Mathematics and Theoretical Physics,
Silver Street, Cambridge, CB3 9EW, England
The implications of conformal invariance, as relevant in quantum eld theories at a
renormalisation group xed point, are analysed with particular reference to results
for correlation functions involving conserved currents and the energy momentum
tensor. Ward identities resulting from conformal invariance are discussed. Explicit
expressions for two and three point functions, which are essentially determined by
conformal invariance, are obtained. As special cases we consider the three point
functions for two vector and an axial current in four dimensions, which realises the
usual anomaly simply and unambiguously, and also for the energy momentum tensor
in general dimension d. The latter is shown to have two linearly independent forms
in which the Ward identities are realised trivially, except if d = 4, when the two
forms become degenerate. This is necessary in order to accommodate the two inde-
pendent forms present in the trace of the energy momentum tensor on curved space
backgrounds for conformal eld theories in four dimensions. The coecients of the
two trace anomaly terms are related to the three parameters describing the general
energy momentum tensor three point function. The connections with gravitational
eective actions depending on a background metric are described. A particular form
due to Riegert is shown to be unacceptable. Conformally invariant expressions for
the eective action in four dimensions are obtained using the Green function for a
dierential operator which has simple properties under local rescalings of the metric.
* email: je10001@damtp.cam.ac.uk and ho@damtp.cam.ac.uk
1 Introduction
Conformally invariant eld theories are well known and have been much studied in
two dimensions [1]. Recently the demonstration of existence of xed points in a large class
of N = 1 and N = 2 supersymmetric theories at which conformal invariance holds [2,3],
as well as the long standing cases of nite N = 4 and N = 2 theories [4,5] in which the -
function vanishes identically, has revitalised the interest in studying non trivial conformal
theories in four dimensions [6,7]. Such infra-red xed points arise in asymptotically free
supersymmetric theories with a single gauge coupling g but the presence of additional
elds besides the gauge vector supermultiplet generates the zero of the (g) which is
necessary for a xed point. The essential mechanism is basically identical to that which
gives a -function zero at two loops in ordinary gauge eld theories with suitably adjusted
numbers of fermions [8,9] (the use of perturbative results may be justied for large Nc
for gauge group SU(Nc) with the numbers of fermions in the fundamental representation
Nf = O(Nc)).
Since conformal invariance provides very non trivial constraints it is possible to hope
[10] that exact results for four dimensional theories may also be obtained. In any event
using conformal invariance allows for signicantly simplied calculations of the scale dimen-
sions of operators at the xed point than would be allowed in conventional perturbative
approaches based on expansions about free theories [11,12]. One of the crucial conse-
quences of conformal invariance even in dimensions d > 2 is that the functional forms of
two and three point functions of operators are essentially determined with no arbitrary
functions present. For operators with spin there may however be two or more linearly
independent forms compatible with conformal invariance which are possible for the three
point functions [13].
In this paper we extend recent investigations by one of us [13] to discuss in detail the
form of the three point functions involving conserved vector currents V and the energy
momentum tensor T in general d Euclidean dimensions. This is motivated by analogy
with two dimensional conformal eld theories where the parameters which occur in the two
and three point functions of these operators, such as the Virasoro central charge c, play a
vital role in specifying the theory. If any result like the Zamolodchikov C-theorem [14] is
to hold in four space time dimensions [9,15,16,17,18] then it must involve quantities which
are well dened in the conformal limit [19]. One suggestion for a possible generalisation
involves the coecient of the term in the trace of the energy momentum tensor on a
curved space background involving the topological Euler density [15] (in two dimensions
this is proportional to c). As shown later, in four dimensions this parameter is connected
directly with one of three linearly independent forms for the conformal invariant three
point function of the energy momentum tensor.
The conserved current and energy momentum tensor of course satisfy the equations
@V = 0 ; @T = 0 ; T = T ; T = 0 ; (1:1)
where conformal invariance dictates that V and T must have scale dimension d − 1
and d respectively. In our discussion it is important to recognise that the operators V
1
and T are not uniquely dened. It is possible to add to V or T terms which lead to
the same conserved charge or generators of the conformal group. For the current V the
arbitrariness has the form
V  V + @F ; F = −F or F = F[] ; (1:2)
while for the energy momentum tensor correspondingly
T  T + @@C ; (1:3)
where C has the symmetries of the Weyl tensor
C = C[][] ; C[] = 0 ; C = 0 ; (1:4)
with F and C each of dimension d − 2. The additional terms in (1.2) and (1.3)
automatically satisfy (1.1). It is also crucial that both operators are quasi-primary opera-
tors which means that they transform homogeneously as tensor operators under conformal
transformations. In particular theories operators with the assumed properties of F and
C need not exist (for d = 2 or 3 C is necessarily zero). Nevertheless the freedom
exhibited in (1.2) or (1.3) with (1.4) is ultimately behind the existence of more than one
linearly independent form for the three point functions involving V or T . In some cases,
where there are no non trivial Ward identities, the three point functions can be written
just as if the current or energy momentum tensor was given by the terms involving F or
C in (1.2) or (1.3). When this is feasible this ensures that the resulting expression is less
singular since, in the spirit of dierential regularisation [20], derivatives have been pulled
out.
In discussing two or three point functions of conserved currents it is essential to
pay careful attention to anomalies in the various Ward identities. Such anomalies are
most succinctly expressed in the presence of background elds. Thus for the fermion axial
current with a gauge eld A coupled to the vector current the well known anomaly in four
dimensions, if gauge invariance with respect to gauge transformations on A is preserved,
has the form
@h  γγ5 iA =
1
162
FF ; F = @A − @A : (1:5)
For the energy momentum tensor it is natural to consider the theory extended to a general
curved space with metric g so that the vacuum energy functional, or eective action,
is a functional W (g;A) and we may dene the energy momentum tensor and conserved
current in this background by
p
ghT ig;A = −2W=g and
p
ghV ig;A = −W=A. In
this case the gauge symmetry (when A = @) and invariance under dieomorphisms
(when g = Lvg = −rv −rv and A = LvA = v@A + @vA for Lv the
Lie derivative), which are assumed to be preserved in the quantum theory, lead to
rhV
ig;A = 0 ; r
hT ig;A + FhV
ig;A = 0 : (1:6)
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For a theory which is conformal on flat space there is now an anomaly in the energy
momentum tensor trace [21] * which may be assumed to be of the form in four dimensions
ghTig;A = − 14F
F − aF − bG; (1:7)
where








with Cγ the Weyl tensor which is given in terms of the Riemann tensor in (A.3). G
is the topological Euler density in four dimensions. The curved space anomaly implies an
anomaly of the three point function when restricted to flat space [13,22],
hT(x)T(y)T(z)i = 2
(




















where EC denotes the projection operator onto tensors with the symmetries (1.4) and is
given explicitly in (A.1) for general d, it may be dened by EC;γ = @C=@Cγ .
As a precursor to describing various applications of conformal invariance we review
in the next section the general form of conformal transformations when d > 2 and dene
quasi-primary elds by their conformal transformation properties. The statements made
above concerning (1.2) and (1.3) are justied and the ingredients necessary for a general
construction of two and three point functions introduced. The consequences of conformal
invariance for Ward identities involving the energy momentum tensor are also briefly de-
scribed. The general results are rst applied in section 3 to the three point function of two
vector currents and an axial current. Using conformal invariance we obtain an expression
in which vector current conservation is automatic and the divergence of the axial current
give rise unambiguously to the standard expression for the axial anomaly. Of course this
result is a necessary consistency test but our approach may be regarded as allowing a sim-
ple derivation of the anomaly which is in the framework of dierential regularisation. In
section 4 we apply the same techniques to the three point function of two vector currents
and the energy momentum tensor. For this example we can eectively write V = @F
which allows less singular expressions to be obtained since the dimension of F is d − 2
rather than d − 1 for V. In four dimensions the results are compatible with the trace
anomaly for external background gauge elds. In section 5 we recover the previous re-
sult [13] that there are only three linearly independent forms for the three point function
hT(x)T(y)T(z)i. The expressions obtained are simplied by using expressions in
which the symmetry is manifest so that it is only necessary to impose the conservation
equation. In section 6 it is shown how to obtain less singular expressions making use of
(1.3) although this only allows for two linearly independent expressions. The results triv-
ially satisfy the Ward identities for the divergence and trace of T . In the latter case when
d = 4 there is an anomaly of the expected form corresponding to the trace of the energy
* This review contains a comprehensive list of references on the trace anomaly.
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momentum tensor on a curved space background. For the anomaly associated with the
Euler density G the mechanism is in accord with the suggestions of Deser and Schwimmer
[23] since it involves tensors which vanish identically when d = 4 but which are combined
with a pole in " = 4 − d. We derive an expression for the coecient of the anomaly in
terms of the parameters of the general three point function which is compatible with re-
sults obtained by explicit calculation for free elds. In section 7 we also discuss the form
of the gravitational eective action which may be expressed as a non local function of the
curvature and which is directly connected with the energy momentum tensor correlation
functions on flat space. We show that a particular elegant expression due to Riegert [24],
which generates the G term in the trace anomaly in (1.7), is incompatible with conformal
invariance for the corresponding expression for the energy momentum tensor three point
function on flat space since hT (x)ig does not fall o suciently rapidly in this case for
large jxj for asymptotically flat spaces. Other forms for parts of the eective action W in
four dimensions which are compatible with conformal invariance are also considered. To
achieve this we introduce a second order dierential operator F which acts on 2-forms,
or antisymmetric tensors, which has nice properties under local rescalings of the metric,
similar to the operator −r2 + 16R acting on scalars. Eective actions constructed us-
ing the Green function for F are then in accord with our conformal invariance results
when reduced to flat space. In a conclusion we show in general how in the three point
function of a conserved vector current or the energy momentum tensor with operators of
dierent dimension the we can always write it in a form so that eectively V = @F or
T = @@C . Some lengthy mathematical formulae are for convenience relegated to
three appendices.
The results of this paper are a development of earlier work by one of us [13] but we
endeavour to simplify the presentation and make more systematic use of (1.2,3) and also
consider the implications for the eective action on curved space.
2 Conformal Invariance










For an innitesimal transformation we may write
x0(x) = x + v(x); Ω(x) = 1− v(x) ;





Except for d = 2 the general solution of (2.2) has the form
v(x) = a + !x + x + bx
2 − 2xbx ; ! = −! ; v(x) = − 2bx ; (2:3)
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representing innitesimal translations, rotations, scale transformations and special con-





; R(x)R(x) =  ; (2:4)
which in d dimensions is a matrix belonging to O(d). Apart from conformal transformations
which are connected to the identity there are also inversions. For an inversion through the








Any conformal transformation can be generated by combining inversions with rotations
and translations. In d dimensions the conformal group is isomorphic with O(d + 1; 1).
The construction of conformally invariant forms for correlation functions of quasi-
primary elds depend on recognising that for arbitrary conformal transformations the
inversion matrix I, as dened in (2.5), plays the role of a parallel transport since for two
points x; y we have
I(x
0 − y0) = R(x)R (y)I(x− y) ; (x




Furthermore for three points x; y; z we may dene vectors at each point which transform















(x− z)2(y − z)2
; (2:7)
so that
Z 0 = Ω(z)R(z)Z : (2:8)
X and Y, which are vectors at x and y, are dened by cyclic permutation. Conformal




X ; I(x−z)I (z−y) = I(x−y)+2(x−y)
2XY ; (2:9)
together with obvious permutations (note that for x$ y Z ! −Z while X $ −Y ).
A quasi-primary eld Oi(x), where i denotes components in some space on which a
representation of O(d) acts, is dened by the transformation properties [25]
Oi(x)!O0i(x0) = Ω(x)Dij(R(x))O
j (x) ; (2:10)
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where  is the scale dimension and Dij(R) denotes the representation for R 2 O(d). This
result reduces to the standard transformation rules for translations and rotations. For an
innitesimal transformation as in (2.2)
vO
i(x) = −(LvO)
i(x) ; Lv = v@ + v −
1
2@[v] s ; (2:11)
where (s )ij = −(s)ij are the generators of O(d) for the representation which acts on
O. It is easy to verify that Lv obey the required Lie algebra [Lv; Lv0 ] = L[v;v0] for the
conformal group.
It is clear from the denition in (2.10) that the derivative of a quasi-primary eld, @O,
is in general no longer quasi-primary, since there are additional inhomogeneous terms in-
volving O in the transformation. In special cases these terms may cancel. For a vector eld
V of dimension  the application of (2.10) for an innitesimal conformal transformation
gives




V − @[v] V ; (2:12)
since for this representation (s) = − +. It is then easy to see using (2.3),
so that @[v] = −! + 2(xb − xb),
@vV = −
(
v@ + ( + 1)

@V + 2( − d+ 1)bV : (2:13)
Hence if @V is to be a conformal scalar, so that v(@V) = −Lv@V with Lv appropriate
for a spinless eld of dimension + 1, we must require  = d− 1. For a second rank tensor
eld F then similarly to (2.13) we may nd
@vF = −Lv(@F) + 2( − d+ 1)bF − 2bF + 2bF : (2:14)
for Lv here acting on a vector eld of dimension + 1. The inhomogeneous terms in (2.14)
disappear if F = F[];  = d− 2, which justies (1.2), or if F ! T = T; T = 0
and  = d. If C satises the conditions in (1.4) then similarly
@vC = − Lv(@C) + 2( − d+ 1)bC ;
@@vC = − Lv(@@C) + 2( − d+ 2)(b@C + b@C) :
(2:15)
Hence this veries that @@C is a traceless tensor eld if C has dimension d− 2
as well as obeying the Weyl tensor symmetries in (1.4).
Using the results in (2.6) it is straightforward to construct conformally covariant
expressions for the two point functions of quasi-primary operators. For the eld O trans-
forming as in (2.10) and its associated conjugate eld O, which is assumed to transform
as Oi(x) ! Ω(x) Oj(x)D−1 ji(R(x)), then, if the representation of O(d) to which O; O




Dij(I(s)) ; s = x− y ; (2:16)
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for CO an overall constant scale factor. Conformal invariance requires that the two point
function is zero unless both elds have the same scale dimension. Applying this result to























is the projection operator onto the space of symmetric traceless tensors so that IT repre-
sents the corresponding inversion tensor. Since @V is a scalar and @T is a vector, if
V; T have dimensions d− 1; d, this ensures that (2.17) and (2.18) automatically satisfy
the required conservation equations as the two point function of @V and V or @T
and T must vanish for general reasons of conformal invariance.
The general formula for a conformally covariant three point function for quasi-primary








(x− z)21 (y − z)22
D i1 i0(I(x− z))D
j




Since the parallel transport relation (2.6) extends to arbitrary representations it is sucient









12;3 (Z) = t
ijk
12;3(RZ) for all R 2 O(d) :
(2:21)








(x− y)22 (x− z)23
D j2 j0(I(y − x))D
k





tjk i23;1(X) = (X
2)1−3D j2 j0 (I(X)) t
ij0k
12;3(−X) : (2:23)
* This is entirely equivalent to the result given in [13] in (2.13) for a convenient choice of
the arbitrary parameter q there.
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The form of the three point function is determined then by solving (2.21). For all elds
identical then symmetry of hOi(x)Oj(y)Ok(z)i, for bosonic elds, requires
tijk(Z) = tjik(−Z) = Dii0(I(Z)) t
ki0j(−Z) ; (2:24)
A particular solution of this condition may be found if the representation to which O
belongs allows for a completely symmetric invariant tensor dijk. Using the invariance
condition Dii0(R)Dj j0(R)Dkk0(R)di
0j0k0 = dijk for R ! I(Z) then since I2 = 1 (2.24) is







The function tijk12;3(Z) has a direct signicance since it represents directly the leading
term in the operator product expansion. From (2.22,23) and (2.16) it is easy to see that the







tijk12;3(x− y) O3 k(y) : (2:26)
A generalisation [13] of an argument due to Cardy [26] shows how the complete three point
function, as given by (2.20), may be recovered just from the leading singular term in the
operator product expansion by a simple application of suitable conformal transformations.
In this paper the main subject of interest is the energy momentum tensor T sat-
isfying (1.1). This satises Ward identities reflecting its role as a generator of conformal
transformations [13,27]. The crucial Ward identity for a correlation function for quasi-
primary elds at y1; y2; : : : may be expressed in the formZ
S
dS v(x)hT (x)O
i(y1) : : :i = hvO
i(y1) : : :i ; (2:27)
where S is a surface enclosing the point y1 (if S encloses other points yr then the r.h.s
is a sum of terms involving the conformal variation of the eld at each yr in turn). For
v satisfying (2.2) the l.h.s. is invariant under smooth changes in S so long as it does not
cross any of the points yr. If S is restricted to a sphere surrounding the point y1 with
radius tending to zero we may use the operator product expansion in the form [26]
T(x)O(y)  A (r)O(y) +B(r)@O(y) ; r = x− y ; (2:28)
and then (2.27) in conjunction with (2.11) for vO, since now dS = jrjd−1r^dΩr^ for
r^ = r=jrj; jrj =
p
r2, requires the conditionsZ
dΩr^ r^A(r^) = 0 ;
Z
dΩr^ r^B(r^) = − ;Z





2s! − C^! ; C^! = C^! ; C^ = 0 :
(2:29)
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s! is the usual generator of O(d) in the representation dened by O while C^! is an O(d)
invariant (satisfying [s ; C^!] + (s )!;!00C^!00 = 0) and is otherwise undetermined by
the Ward identity.
As mentioned above, the operator product coecients are related to the appropri-
ate three point function. We may therefore nd the three point function of the energy












since the leading term in the operator product expansion (2.28), according to (2.26), de-
termines the appropriate form for the relevant function tijk12;3(Z). In accord with (2.21)
A(Z) = O(Z−d) and also satises the appropriate corresponding rotational covariance
condition. The conservation equation (1.1) also leads directly to @A (Z) = 0 for Z 6= 0.
As a consequence of the three point function being fully determined by the leading oper-
ator product expansion coecient A it is possible by careful expansion to evaluate the
next leading term B in (2.28) in terms of A . Using this result, given in [13], it is easy
to verify that the condition on B in (2.29) holds so long as the relations for A are
satised. If A(x) is regarded as a distribution on Rd the Ward identity results (2.29)











d(x) ; @B(x) = −
d(x) ;
(2:31)
where Cij = Cij is a general O(d) invariant. This term in the result for @A
and A reflects the arbitrariness due to regularisation dependent ambiguities in A (x)
proportional to d(x) when it is extended to a well dened distribution*. The ambiguity
represented by C arises essentially from the freedom of denition of the three point
function (2.30) up to changes of the form
hT(x)O(y) O(z)i ! hT (x)O(y) O(z)i
+ d(x− y)ChO(y) O(z)i+ 
d(x− z)hO(y) O(z)iC :
(2:32)
Corresponding to (2.31) we may then nd a general expression for the Ward identities for
the three point function in (2.30)
@xhT(x)O(y) O(z)i = @
d(x− y) hO(x) O(z)i+ @











+ d(x− z)hO(y) O(x)i







hT(x)O(y) O(z)i = 
d(x− y)ChO(y) O(z)i+ 
d(x− z)hO(y) O(z)iC :
(2:33)
* If we dene @A(x)  lim!!0 @(x
2!A(x)) then in (2.31) C = C^
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For suitable choices of C these identities are identical with standard Ward identities
whose derivations may depend on particular regularisation schemes.
As an illustration we discuss the Ward identities for the three point function of the
energy momentum tensor itself which may be derived by functional dierentiating (1.6)
and then restricting to flat space,










+ y; ; $ z; ;  : (2:34)
This form for the Ward identity is in exact agreement with (2.33) if we take (C);00 =




d(x− y) + d(x− z)

hT(y)T(z)i ; (2:35)
which is identical with (1.9) for d = 4 if the anomaly terms proportional to a;b are
dropped.
The presence of the trace anomaly leads to extra terms in the equations such





over all x, dropping the surface term for jxj ! 1, then,
if v(x) is assumed to satisfy the conditions for an innitesimal conformal transformation
as in (2.2), using (2.34) for d = 4 and (1.9) gives
hLvT(y)T(z)i+ hT(y)LvT(z)i = −32a E
C
;γ @@v(y)@γ@
4(y − z) ;
(2:36)
where Lv is dened as in (2.11) with the scale dimension  = d. There is no term involving
b in this case since @@v = 0. This result shows that a must be related to the coecient
CT of the energy momentum tensor two point function as exhibited in (2.18). To obtain
the exact relationship requires a careful treatment of the short distance singularities. From




















where the second form ensures that the conservation equations are trivially satised al-
though it is no longer manifestly conformally covariant. When d = 4 the singularity as





































with  an arbitrary regularisation scale and where 1=x2(2−!) is dened as an analytic
function of !, the limit ! ! 0 may be taken as a distribution after subtracting the
pole. In the second expression for R(1=x4) in (2.39) the limit is found explicitly following
the method of dierential regularisation [20]. Using the representation (2.37) or (2.38) the
conformal variation of the energy momentum tensor two point function may be determined
with the aid of the essential result obtained in (2.15), Lv(@@C) = @@(LvC) if
C has dimension d − 2 and obeys the symmetry conditions of (1.4). The conformal
variation given by Lv applied to (2.38) then reduces to a term involving(






4(y − z) ; (2:40)
and in addition terms representing the associated conformal variation of EC;γ which
is given by the action of the rotation generator corresponding to @[v](y) for the indices
 and to @[v](z) acting on the indices γ. Using that E








































The symmetries of EC ensure that the second line, depending on b, vanishes and compar-





In a similar fashion the vector current two point function in (2.17) may be written for
d = 4 in the form

















Following a similar analysis to the above we may nd





























The second term vanishes identically as previously and the result may be compared with






In consequence of (2.42,45) the trace anomaly coecients  and a determine the scale
of the vector current and energy momentum tensor two point functions in the conformal
limit.
3 Axial Anomaly
As a rst application of these results* we consider the archetypal situation in which
an anomaly is present, the three point function of two vector currents V and an axial
current A. In this section we set d = 4 throughout since the " tensor plays an essential
role. The conserved vector and axial currents then have dimension 3. We impose manifest
conservation of the vector currents by requiring that the three point function is written in
the form













with the symmetry condition ΓFFA;;!(x; y; z) = Γ
FFA
;;!(y; x; z). From the conservation
equation for the axial current we must also require that @z!Γ
FFA
;;!(x; y; z) = 0 for non
coincident points x; y; z. Assuming conformal invariance, with ΓFFA;;!(x; y; z) the three
point function for an antisymmetric tensor eld of dimension 2 at x; y, and also the required
parity properties leads to an essentially unique solution,
ΓFFA;;!(x; y; z) = C
IF;00(x− y)(
(x− y)2
2 "00 Z2Z! ; (3:2)




with EF dened in (2.43). The symmetry condition for x $ y, when Z ! −Z, follows
from det I = −1 which implies IF;00"00 = −IF;00"00 . By calculating the
derivatives we may nd an expression equivalent to that in refs.[29,30]
hV(x)V (y)A! (z)i = 4C
I0(x− z)I0 (y − z)(
(x− z)2(y − z)2
3 "00! Z(Z2)2 ; (3:4)
which is of the standard form given by (2.20).
The expression given by (3.4) is non integrable as a function on R8, with coordinates
x− z; y − z, due to the singular behaviour as x − z  y − z ! 0. The Fourier transform
is therefore ill dened without regularisation (this corresponds to the linear divergence of
the usual triangle graph). However ΓFFA;;!(x; y; z) as given in (3.2) has no non integrable
short distance singularities and represents a well dened distribution on R8 (the apparent
sub-divergence for x − y ! 0 in (3.2) is absent since Z / x − y in this limit). Thus the
* A discussion of the axial anomaly in conguration space is also contained in ref. [28].
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divergence of the axial current in (3.1) may be unambiguously calculated. To achieve this





4(y − z)− 4(x− z)

: (3:5)















4(x) as ! 2 ; (3:6)






4(x) for ! ! 0 : (3:7)
Using the result (3.6) for the @x or @y derivatives in association with the rst or second
terms on the r.h.s. of (3.5) we thereby obtain






4(x− z)4(y − z)

; (3:8)
which is the standard expression for the anomalous divergence in this case.
For free fermions it is easy to determine the overall coecient using










although the calculation may be simplied by restricting x; y; z to be collinear such as
along the 1-direction. The formula (3.8) for the anomaly coecient then corresponds with
that expected from (1.5).
Of course far more sophisticated methods for determining the anomaly in @!hA!i,
on general backgrounds, are known but the above derivation perhaps makes natural the
essential independence of the result of any regularisation procedure once vector current
conservation has been imposed.
4 Conserved Currents and Energy Momentum Tensor
An example which is less involved than dealing with the energy momentum alone
concerns the three point function of two vector currents and the energy momentum ten-
sor. Previously it was shown [13] that there are two possible linearly independent forms
assuming conformal invariance. Since conservation of the vector currents does not lead to
any non trivial Ward identities we here restrict attention to the form






;;(x; y; z) ; (4:1)
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with ΓFFT;; antisymmetric on  and  but symmetric and traceless on . Applying
conformal invariance we may assume in accord with (2.16)
ΓFFT;;(x; y; z) =
IF;00 (x− z)IF;00(y − z)(
(x− z)2(y − z)2
d−2 tFFT00;00;(Z) ; (4:2)


























































It is also useful to rewrite (4.2) as in (2.22) alternatively as
ΓFFT;;(x; y; z) =




d ~tFFT;00;00(X) ; (4:4)






































































Imposing the conservation equation
@zΓ
FFT
;;(x; y; z) = 0 ) @
X

~tFFT;;(X) = 0 ; (4:6)
and this gives rise to the single condition
K  2(2C + 4D +E) + (d + 2)B − (d+ 2)(d − 4)A = 0 : (4:7)
From (4.2) it is easy to determine the singular behaviour as z ! y since then
ΓFFT;;(x; y; z) 
IF;00 (x− y)
(x− y)2(d−2)
~tFFT00;;(y − z) ; (4:8)
and similarly as z ! x. From (4.5) this is O((z − y)−d), which gives potential logarith-
mic divergences on integration on Rd. To analyse these singularities more closely we use































 +  + 

Sd







where the singularity is represented by a pole in !. Applying these results to the detailed












with K as in (4.7). Hence imposing the condition K = 0 is sucient to ensure that there
are no non integrable singularities for x; y ! z in ΓFFT;;(x; y; z) and that for general
d it can be extended to a well dened distribution although there are ambiguities up to
terms proportional d(x− z) or d(y − z) as in (2.33).
For non coincident points we may write from (4.1,2)
hV(x)V (y)T(z)i = −
I0(x− z)I0 (y − z)(
(x− z)2(y − z)2

























































Thus it is clear that there are just two linearly independent forms for this conformal
invariant three point function.
When d = 4 the resulting expression given by (4.2,3) is also ill dened as a distribution
on R8 due to the short distance singularity when x; y; z are all coincident becoming non
integrable. This divergence is manifested, for general d, by a pole in " = 4 − d. For
ΓFFT;;(x; y; z) the pole involves just delta functions without derivatives and the tensorial
structure of the residue has an essentially unique form dictated by symmetry requirements
and assuming that it is traceless on . Hence we may write in general








2d(x− z)d(y − z) : (4:13)
To determine the coecient R we make use of the formula [31]
1












d(x− z)d(y − z) ;
(4:14)
which exhibits the the singularity at coincident points as a singularity in
P
 . The
poles which are present when  −
1
2d = 0; 1; : : : correspond to sub-divergences for these
 for two points becoming coincident, as expected according to (4.9). As given by (4.2,3)
ΓFFT;;(x; y; z) has no subdivergences for x ! y or, subject to (4.7), if x; y ! z. To
apply the result (4.14) directly to determine R in (4.13) it is necessary to contract indices
to avoid complicated tensorial expressions. Hence instead of (4.13) it is sucient to analyse
just




8 (d− 1)(d − 2)(d+ 2)Sd
2d(x− z)d(y − z) : (4:15)
Using (4.2,3) the left hand side of (4.15) may be expressed as a sum of terms of the form




2d− 2 where in individual terms  =
1
2d+ n for n
an integer. When n = 0; 1; : : : for some  the formula (4.14) is singular. In order to
avoid these problems we introduce an additional factor (x− y)2!3(x − z)2!2 (y − z)2!1 so
that  !  − ! and the singularities now correspond to poles in !. The poles in !3
cancel when terms corresponding to each coecient A;B;C;D;E in (4.3) are combined,
so long as the residues given by (4.14) are evaluated at the pole 12d = 2 +
P
 !, since
each term in (4.2,3) has no non integrable singularity for x ! y for d  4. After taking
the limit !3 ! 0 the poles in !1;2 also cancel if the condition (4.7), which eliminates the
sub-divergences for either x! z or y ! z, is applied. Taking the limit !1;2 ! 0 we then
obtain the result
R = − 112 (5B + 2C + 6D) =
1
6 (I + J) ; (4:16)
where E has been eliminated as a consequence of imposing (4.7).
The additional freedom present in this three point function beyond a minimal expres-
sion satisfying the Ward identities is associated with the arbitrariness in (1.3) since this
allows a trivial solution of the Ward identities if the three point function of the form






;;γ(x; y; z) ; (4:17)
16
where ΓFFC has the Weyl tensor symmetries with respect to the indices γ exhibited
in (1.4). ΓFFC;;γ(x; y; z) may be found according to the general rules for obtaining
conformal invariant three point functions. In general the resulting expression is less singular
for x  y  z and hence there is no pole for d! 4, such as in (4.13). A particular solution
may be found by taking
ΓFFC;;γ(x; y; z) =
IF;00(x− z)IF;00(y − z)(
(x− z)2(y − z)2
d−2 EC0000;γ Q(Z2) 12d−1 : (4:18)
Here EC represents the projector onto tensors with Weyl symmetry and is dened in detail
in appendix A. The expression for the three point function obtained from (4.17,18) can be












Comparing the result of this calculation with (4.5) we may then nd the coecients
A;B;C;D;E in terms of Q, or equivalently
J = −I =
d2(d − 3)
2(d− 1)
Q; K = E = 0 ; D = −
d2
(d − 1)(d− 2)
Q: (4:20)
The result of using (4.17,18) in (4.1) gives an expression for hV(x)V (y)T(z)i in which
the conditions on the energy momentum tensor in (1.1) are trivially satised.
To nd a particular form for hV(x)V (y)T(z)i in which the Ward identities are non
trivial we consider the simple case of taking in (4.3) A = B = C = 0; E = −4D, which
satises (4.7). With this choice then using (2.9) we nd the relatively simple expression
ΓFFT;;(x; y; z)D = D
IF;(x− y)(
(x− y)2














2d(x− z)d(y − z) ;
(4:21)
where we have subtracted the pole in ", as calculated in general in (4.13,16), in accordance
with standard dimensional regularisation so as to ensure a well dened distribution for
d  4 for this conformally covariant three point function. The form of the residue of the
" pole in (4.21) has been modied by terms of O(") from (4.13) in order later to ensure
compatibility with the standard form of Ward identities. As usual the counterterm in
(4.21) contains an arbitrary scale . The dependence of the regularised expression on 
reflects the short distance singularity present for d = 4.
To obtain the Ward identities flowing from the conservation equation for the energy





























where the result is unambiguous if the traceless condition is imposed on the distribution
























Γ(x− y)− Γ(x− y)

+ x; $ y;  :
(4:24)
where we take










2)d(x− y) : (4:25)
It should be noted that the @d terms in (4.22) do not contribute to the nal result in
(4.24). In order to obtain (4.24), where the r.h.s. is expressed solely in terms of Γ , it
is crucial that the second term in (4.21) has exactly the tensorial form shown. Since, by







2)d(x) for "! 0 ; (4:26)
then it is easy to see that Γ in (4.25) has the appropriate dimensionally regularised form
for d  4. The result (4.24) has the correct form expected for the Ward identity, if we take
in (2.30) (C)0 = −ET;0,






hV(x)V (y)i − hV(x)V (y)i

+ x; $ y;  ;
(4:27)
assuming the two point function hV(x)V (y)i = −Γ(x− y) (which satises the conser-
vation equation @xhV(x)V (y)i = 0). The overall coecient, dened as in (2.17) and




Sd (I + J) : (4:28)
Although the identity (4.27) is satised with this construction the regularised expression
(4.21) now has an anomaly in the trace of the energy momentum tensor arising from the
counterterm since the " pole is cancelled by the operation of taking the trace,





2d(x− z)d(y − z) : (4:29)
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Hence in four dimensions the trace anomaly in the three point function for the energy
momentum tensor and two conserved currents becomes









4(x− z)4(y − z)

: (4:30)
This result is as expected for the trace anomaly in four dimensions (note that as
C = 0 in this case there is no contribution of the two point function hV V i to the
trace identity). If the conserved currents V are coupled to a background gauge potential
A then the expectation value for the energy momentum tensor trace in this background
has contributions proportional to FF as shown in (1.7). By considering functional
derivatives with respect to A it is easy to see that the trace anomaly is exactly compatible
with (4.30) if  is given by (2.46).
5 Energy Momentum Tensor Three Point Function
A signicant result obtained in [13] is that there are only three linearly independent
conformally covariant forms for the conserved and traceless energy momentum tensor sym-
metric three point function in general dimensions d (although for d = 2 there is only one
while if d = 3 there are two). We here rederive this result more simply by following an




;;(x; y; z) ; (5:1)
and then using the results on conformal transformations in section 2, in particular the
existence of the vectors X;Y;Z which are given by (2.7) and its obvious permutations, it
is possible to construct ve possible completely symmetric expressions, assuming T is
a traceless tensor eld of dimension d, for ΓTTT;;(x; y; z) with the required properties
under conformal transformations so that in general we may write an expansion involving
just ve coecients A;B; C;D; E,(
(x− y)2(y − z)2(z − x)2
 1







A I00 (x− y)I00(y − z)I00(z − x)
+ B I00(x− y)I00(x− z)Y0Z0(y − z)
2 + cyclic permutations
o










































If all points are collinear the r.h.s. of (5.2) reduces to constant tensors invariant under
O(d−1) preserving the line dened by x; y; z and from the results in [13] it is easy to verify
the completeness of the expansion given by (5.2).
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It remains only to impose the conservation equation
@xhT (x)T(y)T(z)i = 0 for non coincident points ; (5:3)
which leads to relations between the coecients A;B; C;D; E. The calculation of the di-
vergence @xΓ
TTT
;;(x; y; z), for the general form given in (5.2), may be simplied by
identifying separately all contributions which preserve manifest conformal covariance. To
this end it is important to recognise that the derivative @x acting on an expression which is
a scalar of scale dimension zero at x gives a vector of scale dimension one under conformal
transformations at x. As an illustration it follows trivially from the denition of Z, and






























Furthermore the divergence of a symmetric traceless tensor of dimension d is a vector.


















































































Using these results, together with relations of the form (2.9), @xΓTTT;;(x; y; z) can
also be obtained as a sum of conformally covariant forms. There are then two conditions
necessary to ensure (5.3)
R1  (d
2 − 4)A+ (d+ 2)B − 4d C − 2D = 0 ;
R2  (d − 2)(d + 4)B − 2d(d+ 2)C + 8D− 4E = 0 :
(5:7)
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Thus there remain three independent coecients which may be taken to be A;B; C by
using (5.7) to eliminate D; E.
For comparison with the general form (2.20) we may note that the expression (5.1,2)
can be rewritten identically as
hT(x)T(y)T(z)i =
IT;00 (x− z)IT;00(y − z)(
(x− z)2(y − z)2
d t00;00;(Z) ; (5:8)





















































































































which satises the conservation equation, @t;;(Z) = 0, subject to (5.7), which
can alternatively be derived directly from (5.8), and also IT;00 (Z)t;00;(Z) =
t;;(Z), arising from applying the symmetry condition (2.24) to (5.8)*. If we use













with R1; R2 given by (5.7). The pole at ! = 0 is therefore absent when the conservation
equations (5.7) are imposed.
* In terms of the treatment in ref.([13]), where the three point function was specied in
terms of coecients a; b; c or alternatively r; s; t, the relationship is A = 8a = 8t, B = 8(b+ 2a) =
−4(dr + (d+ 4)s), C = 2c = −2(ds+ 4t)
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If we use the expression (5.9) it is straightforward to verify thatZ
dΩx^ x^x^ t;;(x^) = − dCT E
T
; ;Z












2 (d+ 2)(d − 1)A− B − 2(d+ 1)C

: (5:12)
The result (5.11) in exact agreement with the form dictated by the conformal identities
(2.29) with CT the coecient of the energy momentum tensor two point function as shown
in (2.18).
Although the expression given by (5.2), subject to (5.7), is conformally covariant and
satises the Ward identities (2.34,35) for general d it has singularities for x; y; z coincident
when d = 4. In terms of dimensional regularisation there are two possible counterterms
















where DF ;DG should be proportional to d(x − y)d(x − z) with four derivatives. The
simplest method of dening DF ;DG is in terms of functional derivatives of the possible
local counterterms for a curved space background metric which are formed from the metric
g ,





















with now, for general d, replacing (1.8),








Using dieomorphism invariance, since F;G are scalars, it is not dicult to see that the
expressions dened by (5.14) satisfy identities such that (5.13) is compatible with the Ward
















d(y − z) : (5:16)
In principle a; b should be determined in terms of A;B; C by requiring the (5.13) gives
a well dened regularised expression for d! 4 but the appropriate extensions of formulae
22
such as (4.14) are too involved to allow for simple analysis. In the next section we obtain
a result for b by a less direct route and it is clear from (2.37) that requiring (5.16) is the
dimensionally regularised two point function leads to (2.42) again where, from (5.12) with
d = 4, we have CT =
1
12
2(9A −B − 10C). From its denition in (5.14)
DF;;(x; y; z) = −
(
















and hence, using (A.4),
DF;;(x; y; z) = − 8
(








and a corresponding identity for DG given later, it not dicult to see that the counterterms
in (5.14) generate exactly the nite trace anomalies exhibited in (1.9) with the required
coecients a; b.
The coecients A;B; C and hence via (5.7) D; E should be calculable in any conformal
eld theory. In four dimensions there are three basically trivial theories given by free


























where nS ; nF ; nV are the number of free scalar, Dirac fermion and vector elds. Substi-
tuting in (5.12) gives the standard results for CT in free eld theories. For general d only
free scalars or fermions give conformal theories, the results are given in appendix B.
6 Use of Derivative Forms for the Energy Momentum Tensor
In order to determine explicitly the coecients of the local singularities in the energy
momentum tensor three point function when x; y; z become coincident, and hence obtain
results for the coecients in the trace anomaly, it is much simpler if we make use of the
potential freedom expressed in (1.3) to reduce the degree of the singularity by extracting
derivatives. To this end we consider a three point function which is restricted to the form










;;(x; y; z) ; (6:1)
where ΓCCT;; has the Weyl tensor symmetries (1.4) with respect to the indices 
and . By virtue of the results in section 2 it is still feasible to express ΓCCTI;J;, where I; J
23
are shorthand notation for multi-indices with symmetry (1.4), in the conformal covariant
form
ΓCCTI;J;(x; y; z) =
ICI;I0(x− z)ICJ;J0(y − z)(
(x− z)2(y − z)2
d−2 tCCTI0;J0;(Z) : (6:2)























































































































When d = 4 this set is overcomplete since there are various identities which arise from the
vanishing of tensors antisymmetric on ve indices. Thus, if C satises (1.4),
30C[XC]X =
(




2 + C!C!XX ;
30C[XC] = CCX − 4CCX :
(6:4)
Hence for d = 4 it is easy to see that for instance EC;0!EC;0!ET00; = 0
and thus tCCT is independent of A. In general it depends only on
4B + 2E +G+D ; C +D ; C 0 + 2D ; F ; H ; I : (6:5)
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The expressions given by (6.1,2,3) can be related to the previous general results for





By construction the result given by (6.6) automatically satises the conservation equation
@t;;(Z) = 0 and this in turn can be shown to also imply the necessary symmetry
conditions t;;(Z) = IT;00(Z)t;00;(Z), if t;;(Z) = t;;(Z), which
have already been imposed on the expression exhibited in (5.9). Hence t;;(Z)C
gives results for the coecients A;B; C;D; E satisfying (5.7) so it is sucient to quote only
A;B; C. The results for general d are lengthy so they are relegated to appendix C but for
d = 4 we have
A = 19
(
















which are in accord with the requirement of depending only on the linear combinations
appearing in (6.5). It is important to note that substituting in (5.12), CT = 0, for general
d, so that assuming the form (6.1) gives only two linearly independent solutions for the
conformally covariant energy momentum tensor three point function.







so that in (6.2) the short distance limit as y ! z is given by
ΓCCTI;J;(x; y; z) 
ICI;I0(x− z)
(x− z)2(d−2)
~tCCTI0;J;(y − z) : (6:9)
If the conservation equation on ΓCCT is imposed then
@zΓ
CCT
I;J;(x; y; z) = 0 ) @
X

~tCCTI;J;(X) = 0 ; (6:10)
which, after calculating ~tCCT from (6.3), leads to two conditions,
T1  − (d
2 − 16)(4A+C 0) + (d+ 4)
(
4C + 2(d− 2)D + F

+ 16(4B + 2E +G+D) + 4I + 8H = 0 ;
T2  − (d
2 − 16)A− 12 (d− 4)C
0 + (d + 2)C + 3dD + 16B + 4E + 2G = 0 :
(6:11)
The second condition, T2 = 0, is not necessary if d = 4. We may also calculate the short














U = (d2 − 16)
(
(d− 2)A− C − C 0

− 16(d− 2)B − 6dD
− 2(d − 8)(G + 2E) + 32 (d+ 4)F + 6(I + 2H)
= 32T1 − (d+ 4)T2 :
(6:13)
If U = 0 there are no subdivergences in ΓCCT for general d. It should be noted that if
d = 4 this condition is superfluous since the tensorial expression in (6.12), as remarked
earlier, vanishes identically.
The reason for here writing the three point function in the form (6.1) is that the
singular behaviour as d ! 4 may be quite straightforwardly determined since it involves
-functions without derivatives. Imposing the condition that the residue of the pole in "
should be traceless in  we are led to unique form








2d(x− z)d(y − z) : (6:14)
The tensorial expression in (6.14) vanishes if " = 0 but this depends on the vanishing
of tensors antisymmetric in ve indices so (6.14) nevertheless represents the singular be-
haviour of ΓCCT as a function of d as a continuous variable. In order to obtain a well
dened distribution as d! 4 the pole must be subtracted according to the standard lore
of dimensional regularisation. To calculate R we follow a similar approach to that followed
in section 4 and introduce a factor (x − y)2!3(x − z)2!2 (y − z)2!1 on the l.h.s. of (6.14).
On the r.h.s. the pole is displaced to " + 2
P
 ! and R is modied to R(!) although
the structure of the residue is unchanged. If we contract indices then the form of the
singularity reduces to







2d(x− z)d(y − z) ;
(6:15)
where, inserting (6.2,3), this can now be represented as a sum of terms to which (4.14) can







where f(d−4) denotes the result of contraction of the tensor in (6.14) and is given explicitly
by (A.2), for x ! 0 f(x)  15
4
x. Subject to using the condition U = 0 from (6.13) to
eliminate one coecient, so that for example I = 43(4B − 2E −G) + 4D− 2F − 2H, it is
straightforward to take the limit ! ! 0 and obtain for the residue in (6.14)
R = − 1329
(
2(4B + 2E +G +D) + 4(C +D) + 3(C 0 + 2D)− 12F + 7H + 5I

= 11690 (13A− 2B − 40C) ;
(6:17)
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where the second line follows from (6.7) although, since 9A − B − 10C = 0 as a result of
CT = 0, the nal expression is not unique.
Although subtracting the pole in " given by (6.14,17) is sucient to ensure a regu-
larised expression for ΓCCT it is not appropriate when applied to (6.1) since the symmetry
requirements on ΓTTT will not be satised. In order to verify that it is sucient to use the







gG = −15Rγ [γ(z)R
!
!(z)g](z) = H(z) + "X(z) ;
























(d− 2)2(d − 1)
(





where the Weyl tensor C is dened in (A.3) and the explicit form for X is unimpor-
tant here save for the overall factor of ". The variation of the integral must vanish when
d = 4 since it is then a topological invariant, H is zero if d = 4 due to the vanishing
of antisymmetric ve index tensors. Using (A.4) for the form of the Weyl tensor in an




























To O(") the tensor appearing in (6.19) is identical with EC;0!EC;0!ET00;
which appears in (6.14) (the dierence arises from the 1=d term in ET ) so that from (6.1,14)
we may now dene a symmetric regularised expression for d  4 by
















DG;;(x; y; z) ;
(6:20)

















with E(5); denoting the projector onto totally antisymmetric ve index tensors.
From its denition DG;;(x; y; z) is manifestly symmetric and the results (6.19) show
that subtraction of the counterterm in (6.21) is equivalent to subtracting the " pole in
(6.14). It is also easy to see that @xD
G
;;(x; y; z) = 0 so that the counterterm in
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(6.21) preserves the Ward identity @xΓ
TTT
;;(x; y; z)C = 0. However the counterterm
generates an anomaly in the trace since




;(x− z; y − z) ; (6:22)
where





















Hence for d = 4 we have the anomaly
ΓTTT;;(x; y; z)C = −
1
8
4RAG;(x− z; y − z) ; (6:24)
where in AG we can take 24E(4); ! . Comparing the result with (1.9),





4(13A− 2B − 40C) : (6:25)
The above analysis based on the expression (6.1) allows the topological anomaly term
to be derived in four dimensions. It is clearly possible to assume more symmetrically














;;γ(x; y; z) ; (6:26)
with ΓCCCI;J;K(x; y; z), where I; J;K each denote sets of indices with the symmetry (1.4), an
integrable function even in four dimensions. Assuming manifest conformal invariance we
can write
ΓCCCI;J;K(x; y; z) =
ICI;I0(x− z)ICJ;J0(y − z)(
(x− z)2(y − z)2
d−2 tCCCI0;J0;K(Z) : (6:27)
In this case we follow the treatment in section 2 to obtain a particular totally symmetric































These results then show that, for arbitrary d, that there are two linearly independent sym-
metric forms for the conformally covariant energy momentum tensor three point function
in which Ward identities and the traceless conditions for the energy momentum tensor are
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trivially satised. This is in accord with the result, as in section 5, that there are three in
general but that there are the non trivial Ward identities (2.34,35). However when d = 4




which can be shown using the vanishing of antisymmetric ve index tensors. Such a relation
must hold otherwise the possibility of a second anomalous term in the four dimensional
trace identity (1.9) would be ruled out. These formulae can be related to previous results














Hence we may determine in terms of X1;X2 the coecients A;B;C;C 0;D;E;G; F;H; I in
(6.3). For general d the results are again not very succinct so they are given in appendix
C. If d = 4 the linear combinations in (6.5) depend only on 4X1 + X2, as a consequence
of the relation (6.30), and we may then obtain by using (6.7) a unique result for the three
point function which is expressible in the form (6.26)
A = 89 (4X1 + X2) ; B =
92
9 (4X1 + X2) ; C = −
2
9 (4X1 + X2) : (6:32)
A consistency check is that CT , as given by (5.12) for d = 4, and b in (6.25) are both
zero as required since, as mentioned earlier, the Ward identities are trivial when the three
point function is represented as in (6.26).
7 Eective Actions
In discussing the energy momentum tensor it is natural to introduce an eective action
W (g) whose variational derivatives with respect to a metric g may be taken as dening
correlation functions of T on a general curved background. Assuming dieomorphism
invariance is preserved, so that W (g) is a scalar, then Ward identities may be summarised
just by the covariant equation (1.6). If the underlying quantum eld theory is conformally
invariant on flat space then W (g) is also invariant under local Weyl transformations of the
metric, g
 = 2g , apart from the anomalies arising from ghT ig in two and four
dimensions.
As is well known in two dimensions the trace anomaly may be integrated uniquely to
give [32]















since under a conformal variation  = 0 and (
p
gR) = −2. Although W (g) clearly
vanishes on flat space it gives a non zero result for two or more functional derivatives before
taking g =  . To calculate the two point function on flat space arising from W (g)
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g(rr − gr2)g and then since G(x; x0)jflat space =
− ln2(x− x0)2=4 it is easy to see that






2 ; S = @@ − @
2 ; (7:2)
and hence with complex coordinates z = x1 + ix2 and T (z) = −2Tzz(x) we recover the
standard two dimensional conformal eld theory result






The corresponding three point function on flat space, for non-coincident points, is also eas-






)@ in order to calculate






(z1 − z3)3(z2 − z3)3
+
1
(z2 − z1)3(z3 − z1)3
+
1




(z1 − z3)2(z2 − z3)2(z1 − z2)2
;
(7:4)
which is again in accord with expectation.
In four dimensions there is no possibility of nding any analogous general result al-
though Barvinsky et al [33] have explored in detail approximations based on an expansion
in the curvature. Here we examine a proposal for part of the eective action due to Riegert
[24]* which exactly reproduces the Euler density term G in the curved space trace anomaly
(1.7). This result is similar in form to the two dimensional expression (7.1)



































Just as in two dimensions we may obtain correlation functions involving the energy
momentum tensor by functional dierentiation and then restricting to flat space. It is
straightforward to see that the second derivative of (7.5) restricted to flat space gives zero.
















d4xd4yd4z g(z)Dz;@G0(z − x)X(x)@G0(z − y)X(y) ;
(7:6)
* For further discussions and also subsequent references see [34].
y The fourth order operator R which is invariant under local rescalings of the metric was
also found independently by Paneitz and Eastwood and Singer [35].
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2X − @@X + @@X + @@X +
2
3 (@
2 − @@)X :
(7:8)
Using these results we obtain an expression for the energy momentum tensor three point
function, at non coincident points, on flat space corresponding to the eective action (7.5)


















The general result is not very transparent but it is not dicult to nd for s = x− y ! 0
ΓTTT;;(x; y; z)Riegert 
8











Since Iγ(s) = O(s−6) this result is incompatible with what would be expected from
a conformally covariant three point function, where according to the expressions obtained
earlier the leading singularity should be O(s−4), reflecting the contribution of the energy
momentum tensor itself in the operator product expansion of two energy momentum ten-
sors. In consequence the Riegert eective action, given by (7.5), is also in disagreement
with the short distance behaviour expected for free elds.
The failure of the Riegert action to lead to results on flat space in agreement with
conformal invariance is a consequence its large distance behaviour. From dieomorphism
invariance and also invariance under local rescalings of the metric, up to the standard




















g = −rv −rv :
(7:11)
By considering functional derivatives and then restricting to flat space, and assuming
(Lvg + 2g)jflat space = 0 which is identical with the conformal Killing equation in
(2.2), it is possible to derive the conformal invariance identities such as (2.36) for the two
point function. However from the Riegert action (7.5), for asymptotically flat spaces, it
is not dicult to see that in general hT(x)ig; Riegert = O(jxj−5) for jxj ! 1 since the
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leading term involves S@2GR(x; x0)
 −
@ 0. With this asymptotic behaviour it is necessary
to restrict v(x) to be O(jxj) for large jxj in order to avoid surface terms in deducing
(7.11) from rhT ig = 0. Hence there is no longer any identity corresponding to special
conformal transformations, involving b in (2.3), which play the essential role in restricting
the form of two and three point functions on flat space. In two dimensions the eective
action in (7.1) gives hT(x)ig = O(jxj−4) which allows conformal invariance identities to
be derived for z = O(z2). This is sucient for invariance under the conformal group
O(3; 1) which is in accord with the results (7.3) and (7.4). The action in (7.5) may also be
extended to generate the other terms in the general curved space trace anomaly in (1.7)
but similar diculties arise in these cases as well and the eective action is also invariant
under constant scale transformations of the metric contrary to the required behaviour
under the renormalisation group. In consequence the Riegert form for the eective action
is not compatible with the form expected from conventional quantum eld theories.
In general the form of the eective action compatible with the trace anomaly (1.7)
can be written to quadratic order in the curvatures as





























where ^ = 2e−γ. For constant rescalings of the metric this generates exactly the result




g ghT ig;A. The expression (7.12) may also be seen to
exactly generate the flat space results for the energy momentum tensor and vector current
two point functions given by (2.38), with CT given by (2.42), and (2.17), with CV given
by (2.46). In general the ln(−r2) dependence in (7.12) ensures that hT i and hV i have
suitable behaviour at large distances, contrary to what was found in the Riegert case above.
Beyond leading order very lengthy expressions for the contributions to W (g;A) cubic in
the curvature have been given but it is not clear at present what minimal form to take
for these so as to generate just the conformally covariant energy momentum tensor three
point functions on flat space which have been discussed earlier.
As a simple illustration of an eective action which generates a trace anomaly on
curved space and is compatible with conformal invariance when reduced to flat space we
consider W (g; J), where J(x) is a source coupled to a dimension two operator O. The local
trace anomaly is then ghTig;J = p
1
2J
2. To obtain W we dene the four dimensional








0) = 4(x− x0) : (7:13)
Clearly G(x; x0)jflat space = G0(x−x0) as in (7.7). The contribution to the eective action
involving J may now be taken as



























dened similarly to (2.39), with 4(x; x0) = 4(x − x0)=
p
g(x). Using for the variation




G(x; x0), which follows from


















(x)4(x; x0) ; (7:16)
and hence (7.14) generates the expected form for W (g; J), taking J = 2J . From








More signicant is the calculation of the three point function involving the energy momen-
tum tensor in which it is necessary to vary the metric. Using
gG(x; y) = −
Z
d4z G(x; z)gzG(z; y) ; (7:18)




























and hence, at non coincident points,

















This expression is clearly compatible with conformal invariance, unlike the results obtained
from the Riegert action earlier.
In order to construct a wider class of eective actions we consider now a second order
dierential operator F acting on antisymmetric tensor elds, or 2-forms, F which has
simple transformation properties under local rescalings of the metric analogous to the





[(d− d)F ] +R
F +R
























* This operator is a special case of a wider class of conformally covariant dierential oper-
ators [36].
33
where t is an arbitrary parameter and we have used d to denote the exterior derivative
and  its adjoint. It is not dicult to see that

F = −3F + F ; (7:22)




























4(x− y) : (7:24)
Using (7.22) we may see that
G
F




GF(x; y) : (7:25)








IF;(s) ; s = x− y : (7:26)







IF;00 (x− z)IF00;(z − y)








IF;(x− z)IF;(z − y)





























As an application of these results we consider a contribution to the eective action
involving the gauge eld A which is of the form









It is not dicult to see that no regularisation is necessary in this case and furthermore, as
a consequence of (3.6), there is no contribution to the two point function of the conserved
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vector current V coupled to A on flat space. However (7.29) does imply an expression for
the three point function involving the energy momentum tensor which is given by
hV(x)V(y)T(z)i











where, using the relation












which follows from (2.9), Γ;;(x; y; z)F is expressible exactly in the form (4.2,3), for





; B = −U^ 163 t ; C = −U^
(
8 + 83 t








; E = U^ 163 ; (7:32)
for U^ = U=(42)3. Note that these results satisfy K = 0, as given in (4.7), and from (4.12)
I + J = −B −D + 12E = 0 in accord with the Ward identities.
For the purely gravitational eective action we may also consider an analogous con-
tribution to (7.29),










the singularity as x ! x0 again does not require regularisation and, as for (7.29), W (g)F
does not contribute to the energy momentum tensor two point function on flat space but
there is a corresponding expression for the three point function given by
hT (x)T(y)T(z)i













F + cyclic permutations :
(7:34)
Γ;;(x; y; z)F may be represented just as in (6.2,3) for d = 4 where, by applying
(7.27) and (7.31) again, the coecients are
A = − 14C
0 = V^
(
32 + 163 t

; B = − 14G = V^
(
8 + 323 t

;








; C = − 1
4




for V^ = V=(42)3. These results satisfy T1 = T2 = 0 from (6.11) and (6.7) now gives
A = −4 323 V^ ; B = −46
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3 V^ ; C =
32
3 V^ : (7:36)




In more than two dimensions correlation functions involving the energy momentum
tensor or conserved currents in conformal eld theories are not unique. The results of this
paper show that this may be regarded as a reflection of the freedom in (1.3) or (1.2). When
there is no non trivial Ward identity the expressions can be written so that eectively the
energy momentum tensor or conserved current is exactly given by the trivial form so that
the conservation and vanishing of the energy momentum tensor trace are automatic. As
an illustration we may consider the three point function for a conserved vector current and








(x− z)2(d−1) (y − z)21
I0 (x− z)D
i
1 i0(I(y − z)) t0
i0j(Z) ;
(8:1)
where tij(Z) = O(Z−(d−1+1−2)) and from the conservation equation @tij(Z) = 0. It









and hence, for 1 6= 2, we can always write tij(Z) = @Fij(Z), Fij(Z) = −Fij(Z),









(x− z)2(d−2) (y − z)21
IF;00(x− z)D
i





A similar discussion applies in the case of the energy momentum tensor where the corre-








(x− z)2d (y − z)21
IT;00(x− z)D
i
1 i0(I(y − z)) t00
i0j(Z) ;
(8:4)
for tij(Z) = O(Z−(d+1−2)). In this case, for 1 6= 2, it is possible to write tij(Z) =
@@C
ij(Z) with Cij(Z) satisfying (1.4) and hence, analogous to (8.3), we may
pull out two derivatives so there are no non trivial Ward identities, reflecting that the two
point function hOj1(y)O
k
2 (z)i = 0. To demonstrate the existence of C
ij(Z) we consider
the Fourier transform ~tij(k) = O(k(1−2)). When 1 6= 2 the Fourier transform is
unambiguous and satises k~tij(k) = 0; ~tij(k) = 0 (for 1 = 2 ~t(k) is ambiguous
up to a constant C and the equations become k~t(k) = ka ; ~t(k) = b with a ; b










since from (A.5) it is clear that −kk ~Cij(k) = ~tij(k). For some cases, such as when
O1;O2 are scalar elds, there is no solution for tij(Z) or tij(Z) satisfying the necessary
conditions so that the three point function must vanish (for O1;O2 scalars this may be
seen from (8.2) since t(Z) / Z).
In a conformal eld theory the coecients of the trace anomaly depending on the
Riemann curvature for a space background appear to play a signicant role whose conse-
quences may not yet be fully understood. As Deser and Schwimmer [23] have made clear
in even dimensions, larger than two, there are two distinct classes of terms which may
contribute to this anomaly. In four dimensions the term proportional to b has an ap-
parent topological signicance and, as shown in section 6, in a dimensional regularisation
context is related to an O("=") counterterm since it involves tensorial expressions which
vanish identically for d = 4. From this point of view it is directly related to the Virasoro
central charge c in two dimensions. The other terms present in the trace anomaly derive
from counterterms constructed from the Weyl tensor and hence are related to standard
short distance divergences. In four dimensions there is only one anomaly term formed
in this fashion. This has the coecient a which then determines the scale of the two
point function for the energy momentum tensor. Both a and b are also connected to
the corresponding three point function. It would be interesting to see if there is a way of
projecting out the part proportional to b which might make feasible an analysis similar
to that of Zamolodchikov [14] in two dimensions. A still unresolved question is whether
there is any requirement for b to be positive. As a conjecture it may be possible to apply
the various suggested positivity conditions of classical general relativity [37] to three point
functions involving the energy momentum tensor but unfortunately the most naive appli-
cation of such ideas does not lead to any direct condition on b [22]. As an illustration of
such constraints, for scalar operators O in a eld theory on Euclidean space, if n is any
unit vector we may impose the reflection positivity condition hO(n)Tnn(0)O(−n)i < 0
where Tnn = nnT , which is related to the notion of positive energy density. In the
conformal limit this is equivalent to just positivity of the two point function for the scalar
operator O itself but without conformal invariance this is a possible independent condition
on the quantum eld theory. A separate consequence of the results obtained here relates
to implications for the gravitational eective action which may describe the back reaction
of the matter elds on a curved space background. It is clear from our discussion of the
Riegert action that additional constraints on the fall o of the energy momentum tensor
expectation value at large distances need to be imposed if the results, when reduced to flat
space, are to correspond to standard eld theory results.
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The projector operator EC has the explicit form
EC;γ = 112
(

























The manipulation of such tensors is obviously time consuming and throughout we made
extensive use of FORM [38]. The dimension of the space of tensors with the symmetry
properties (1.4) in d dimensions is EC; =
1
12d(d+1)(d+2)(d−3). For use in section






(d − 1)(d − 3)(d − 4)(d + 4)(d + 2)(d + 1)
96(d− 2)
 f(d − 4) :
(A:2)
The factor d−4 is expected since the tensorial expression vanishes identically when d = 4.
On a curved space background with a metric g =  + h then the Weyl tensor








(d− 1)(d − 2)
g[g]R ; (A:3)
to rst order in h can be written as
C = 2 E
C
;γ @γ@h : (A:4)
A consequence of the denition (A.1), which is useful in the text, is to consider








































































We here give the results for general d for the coecients determining the energy
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(3d4 − 15d3 + d2 + 63d− 60)F : (C:1c)
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For d = 4 these reduce to the results given in (6.8).
The relation of the expression for ΓCCC to the general form for ΓCCT for arbitrary d
is given by the relations
A = −
1
(d− 1)(d − 2)
(
d(d2 − d− 16)X1 − 12 (d















(d− 1)(d − 2)
(
(d4 − 3d3 − 10d2 + 20d+ 56)X1 − (d
3 − 11d2 + 18d+ 24)X2

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C 0 = −
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